Effective Polyakov loop theories are a useful tool for an investigation of pure Yang-Mills theory and full QCD. A systematic derivation of the effective action can be done in a spatial strong coupling expansion. Quite accurate predictions for the deconfinement phase transition of Yang-Mills theory have been obtained in this approach. Besides the critical couplings, further observables can be measured in the effective theory. These provide additional tests for the reliability of the strong coupling approach and the truncation of the effective action. In this contribution we will present recent results for the free energy of the static quark-antiquark pair and the equation of state.
The effective Polyakov loop action approach with spatial strong coupling methods
Some essential properties of finite temperature Yang-Mills theory can be represented in effective Polyakov line theories. In recent years there have been several attempts for a derivation of these effective theories. Several non-perturbative approaches include a numerical derivation of the effective action [1, 2] . Apart from the numerical uncertainties they also imply specific assumptions for the truncation of the effective action. Another disadvantage is that each value of the Yang-Mills coupling β requires a new numerical computation of the coupling constants in the effective theory. In some cases even the form and truncation of the effective action is changed in this procedure.
Here we apply strong coupling methods for the derivation of the effective theory [3] . This approach leads to a natural truncation and ordering of the operators in the effective action. We have computed up to a certain order in the expansion the analytic dependence of the effective couplings on β . Therefore no further assumptions or numerical input is needed in this approach. On the other hand, it starts from the strong coupling region of the theory and is valid only below the confinement-deconfinement phase transition. Even below the transition the validity at larger β has to be further investigated and confirmed for a given order of the expansion.
One of the main prospects of effective descriptions is the inclusion of the fermionic degrees of freedom by means of a hopping parameter expansion. In principle the dynamics of QCD can then be described by a simple effective theory, which can be easily extended to finite chemical potential. In the corresponding effective theory it is much simpler to handle the sign problem that is generic for the simulations at finite density [4] .
In the current presentation we are considering the effective Polyakov line actions for pure Yang-Mills theory. We are investigating different observables for a detailed comparison of the effective theory derived in a strong coupling expansion with the full theory. The effective Polyakov line action is obtained when the spatial link variables U i are integrated out in the path integral of Yang-Mills theory on the lattice,
In this equation the Wilson action with the product of all plaquette contributions U p is used and the gauge group is SU(3). In the end the result depends only on gauge invariant products of the temporal links, the Polyakov loops, L(x) = Tr ∏ τ U 0 (x). In principle, these Polyakov loops appear in all irreducible representations of the gauge group in the effective action. However, the influence of higher representations is suppressed in our strong coupling approach. The theory is reduced from a four dimensional gauge theory to a simple three dimensional theory. This theory can be easily simulated with Monte-Carlo methods and precise results for different observables can be obtained in this way. The simulation effectively corresponds to the computation of the remaining part of the path integral.
As stated above there are numerical strategies for the derivation of the effective Polyakov loop theories [1, 2] . Once the effective action is used as an input for numerical simulations, these strategies correspond just to a splitting of the integration of spatial and temporal link variables. Compared to the full path integral they are only advantageous if assumptions can be made concerning the dependence of the effective theory on the parameters of the full theory. If, for example, from the effective theory at zero chemical potential the form at nonvanishing chemical potential can be deduced, as argued in [5] , this approach is beneficial.
Here we integrate out spatial links in a strong coupling expansion. In contrast to the straightforward implementation of this idea, as done in [6] , it includes the resummation of certain terms in the expansion. To achieve a better convergence, we use the coefficient of the character of the fundamental representation u(β ) = u/18 + O(β 2 ) as a new expansion parameter, instead of β . The leading term of the effective action is obtained from the contribution of two Polyakov lines filled with plaquettes in the fundamental representation. Figure 1 illustrates how higher order contributions arise in terms of additional contributions to the coupling constants of the nearest neighbour interaction and next to nearest neighbour interactions.
The strong coupling derivation of the effective action orders the interactions according to their leading power in the expansion. The long range interactions and higher representations come with higher orders of u (u 2N t +6 ; u 2N t +2 ) and are suppressed,
In this contributions we consider only the first term, the nearest neighbour interaction. It receives corrections at higher orders in u that can be resummed to 3) where P N t (u) is a polynomial to order u 10 [3] . Furthermore, the higher powers of this interaction can be summed in a logarithmic form of the effective action
A numerical simulation of the effective theory includes besides the strong coupling contributions the nonperturbative effects of the Polyakov line dynamics. As in SU(3) Yang-Mills theory a first order phase transition is observed, corresponding to a spontaneously broken centre symmetry.
In the investigated range of N t ≤ 16 there is only a few percent difference between the critical β value of the transition in the effective theory and β c in full Yang-Mills theory. A convergence of the critical temperature of the effective theory towards the full theory has been observed in the continuum limit [4] . At a finite lattice spacing the difference of the two critical values of β c , and correspondingly T c , must be taken into account.
Comparison of Polyakov line correlators
The Polyakov line correlators, L( 0)L † ( R) , are simple observables that can be used for a comparison of the effective theory and the full theory. Efficient algorithms [7] offer a precise measurement of them in the Yang-Mills theories. Moreover they encode interesting physical properties of the system. The unrenormalized free energy of a static quark-antiquark pair is obtained from
In the continuum limit this result depends only on the distance | R| and T and is invariant under rotations. This rotational invariance is broken at a finite lattice spacing. The restoration of the symmetry in the continuum limit is an important property of Yang-Mills theory. A comparison of the correlator in full Yang-Mills theory and in the effective theory is shown in Figure 2 . Only on-axis distances are included in this figure. Due to the exponential error reduction for this observable in Yang-Mills theory the statistical error is lower than in the effective theory, despite the larger statistic. At lager values of β the difference between the effective theory result and the full theory increases, but there is still a reasonable agreement.
A more challenging analysis can be done when also the off-axis correlations are included in the comparison. As shown in Figure 3 the expected breaking of the rotational invariance at small β is clearly visible in the off-axis correlator. This observation is confirmed by the analytic result for the correlator to the lowest orders in λ 1 , where dist(R/a) is the the shortest distance along the lattice links and N i is a combinatorial factor.
At a given value of β the effective theory shows a more pronounced breaking of the rotational symmetry than the full Yang-Mills theory. This effect becomes clearly visible in the vicinity of the phase transition, where a larger deviation between the off-axis correlators in the full theory and the effective theory can be observed.
The rotational invariance is restored at larger values of λ 1 in the effective theory. It happens below the critical coupling (λ 1 ) c but above the value λ 1 (u(β c )), where β c is the critical β in the full theory and the map of the couplings in Equation 1.3 has been applied. Inverting this map one obtains β ((λ 1 ) c ) and, correspondingly, a temperature (T c ) eff (β ((λ 1 ) c ) ) corresponding to the phase transition in the effective theory 1 .
The different β values for the restoration of the rotational symmetry suggests a comparison of the correlators in the vicinity of the respective phase transitions. In addition the bare value of F/T still contains a zero temperature part that diverges in the continuum limit. For a consistent definition of the renormalized free energy, F R /T , this part needs to be subtracted. We have done this subtraction by setting F R (R 0 , T )/T to zero for a given physical distance R 0 T . ((λ 1 ) c ) show a restoration of the rotational symmetry. At larger distances F R /T depends almost linearly on RT . All these general features are in good agreement with full Yang-Mills theory. In a quantitative comparison there are, however, some considerable differences between the effective theory and the full theory. The slope of the correlator at larger distances, corresponding to the string tension, is larger in the effective theory. Furthermore a comparison of different lattice spacings indicates that the string tension grows towards the contin- 1 The lattice spacing a is determined by the scale setting of the full Yang-Mills theory a(β ). The formula given in [8] is used for this scale setting. comparison between the results from the effective theory and the full theory is shown in Figure 5 . It indicates that the two results converge in the small β , i. e. strong coupling region.
Conclusions
We have summarized non-perturbative tests of the effective Polyakov loop action for YangMills theory derived by means of a spatial strong coupling expansion. In particular we used its simplest form with only next neighbour interactions. When comparing correlation functions, then at large distances and towards the continuum limit higher orders of the expansion and, in particular, interactions over larger distances become important. The approach is hence limited to a certain range of lattice spacings. The most important concern is whether an intermediate scaling region can be identified and continuum results can already be extrapolated from the effective theory.
On the other hand, the critical coupling for the phase transition as well as bulk thermodynamic properties are well described by the one-coupling effective theory.
